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Quantum Dynamics

Quantum dynamics: Schrödinger equation

i∂tΨ(t) = HΨ(t)

H=self-adjoint operator on H.

Quantum confinement on Ω: Ψ(t) solution to Schrödinger
equation

supp Ψ(0) ⊂ Ω ⇒ supp Ψ(t) ⊂ Ω, ∀t > 0

Geometric Quantum Confinement on Ω: When Ψ ∈ L2(M, µ)
with
→ M = M− ∪ Z ∪M+

→ M+,M− Riemannian manifolds

supp Ψ(0) ⊂ M± ⇒ supp Ψ(t) ⊂ M± , ∀t > 0
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Grushin-type manifold-Grushin cylinder

Example: M = R× S1 with
→ M+ = (0,+∞)× S1
→ M− = (−∞, 0)× S1
→ Z = {0} × S1

→ gα = dx2 +
1

|x |2α
dy2.

α = 0

α > 0

α < 0 3 / 1
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Geometric Quantum Confinement

Geometric Quantum Confinement on Ω: When Ψ ∈ L2(M, µ)
with
→ M = M− ∪ Z ∪M+

→ M+,M− Riemannian manifolds

supp Ψ(0) ⊂ M± ⇒ supp Ψ(t) ⊂ M± , ∀t > 0

when Ψ(t) is evolved with the flow of any self-adjoint
extension of the minimal Laplacian.
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Geometric Quantum Confinement in the Grushin-plane

Operator:
H = divµα ◦ ∇

Laplace-Beltrami operator.

Manifold: Grushin-type plane: α ∈ [0,+∞)

M :=
(
R− ∪ {0} ∪ R+

)
× R gα := dx ⊗ dx +

1

|x |2α
dy ⊗ dy

Metric induces a measure

dµα :=
√

det gα dx ∧ dy =
1

|x |α
dx ∧ dy

Hilbert space in quantum mechanics

Hα = L2(M, dµα)

The problem is equivalent to the essential self-adjointness of H on
C∞0 (M \ Z)
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Main result

Theorem (G. - Pozzoli - Michelangeli, 2019)

The operator H

H = − ∂2

∂x2
− |x |2α ∂2

∂y2
+
α

x

∂

∂x

a) is essentially self adjoint for α ∈ [1,+∞); → Confinement

b) is not essentially self-adjoint for α ∈ [0, 1).→No Conf

on L2(M,dµα).
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Strategy of the proof

→ Unitary equivalent problem on

UL2(M, dµα) =

∫ ⊕
R

(
L2(R−,dr)⊕ L2(R+, dr)

)
dξ

and on each fibre

UHU∗ �ξ= − d2

dr2
+ |r |2αξ2 +

α(α + 2)

4r2

→ Essentially self-adjointness

→ (our technical result)

H ess. s.a. ⇔ UHU∗ �ξ is ess. s.a. for any ξ
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Thank you for your attention
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