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Motivations
✺ Non asymptotically free renormalizable QFTs: Quantum

electrodynamics (QED), φ4
4 theory (Higgs field with two

components).
✺ Perturbation theory:

➔ Landau pole : divergence of the running coupling
constant g(λ) at a certain energy.

➔ If λmax −→ +∞ and g(λmax) fixed: finite result if
gren = g(λphys) −→

λmax→+∞
0 : Theory = trivial .

✺ Triviality of the φ4
d theory in d dimensions:

➔ d > 4: Triviality of the continuum limit on a lattice,
by Aizenman and Fröhlich in [1, 2].

➔ d = 4: Multi-scale analysis by Aizenman and
Duminil-Copin in [3].
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Motivations

✺ Triviality of the full Standard model : unsolved
important question yet −→ mathematical status of the
Standard model.

✺ Proofs of triviality : one or two-components scalar field.
✺ Another approach: the flow equations in the mean-field

approximation in [4] by Kopper (2022) for a single
component scalar field −→ can also be used to analyze
the O(N)-vector model, N ≥ 1.

5 / 15



Outline Motivations The flow equations in the mean field approximation for a O(N) scalar theory The trivial solution of the O(N)-model Perspectives

The flow equations in the mean field
approximation for a O(N) scalar theory
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Flow equations in the mean field
approximation (m.f.a.)

✺ Euclidean space R4, scalar product ⟨·, ·⟩ in L2(R4,d4x).
✺ O(N)-vector model: theory with an O(N)-symmetry, φ : N scalar

components φi.
✺ Mean field approximation: set all momenta to zero.
✺ f N

n (λ): (rescaled) n-point function←→ physical contents of the
theory.

✺ Flow equations (FEs) in the m.f.a. : system of differential equations.
✺ Boundary conditions =⇒ f N

n (λ) : solutions of the FEs.
✺ Inductive scheme : From f N

2 , construct f N
4 and so on...

✺ Study smooth solutions f N
n .

✺ In [4], Kopper studied the case N = 1 : choice of a bare interaction
lagrangian −→ different types of solutions : asymptotically free
solutions, trivial solution.

✺ In our paper [5] : improve some results of [4].
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Construction of the trivial solution

✺ Start with this "bare" interaction lagrangian

L0(φ) =

∫
d4x

(
aφ2(x) + bφ4(x)

)
, (1)

with φ2(x) :=
∑

1≤i≤N φ2
i (x) and φ4(x) = (φ2(x))2.

✺ Fixed boundary conditions in m.f.a. (at bare level):

f N
2 (λmax) = 2(2π)4λ−2

maxa, f N
4 (λmax) = 4π2b, f N

n (λmax) = 0, n ≥ 6 .
(2)

✺ Triviality : Show that lim
λmax→+∞

f N
4 (λphys) = 0.
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✺ In [4] : construction of the trivial solution for small bare couplings
for N = 1.

✺ Idea: ansatz of f 1
2 (λ) implying triviality. The ansatz is well-defined

using the FEs.
✺ Extend the construction of a trivial solution to large bare couplings

for N = 1 (previous proofs : no assumption on the size of the bare
coupling)

✺ Extend it to the O(N) vector model for N > 2 (previous proofs:
restriction to one or two-components fields).
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Future plans

✺ Establish a relation with perturbation theory [6, 7] (in
progress)

✺ Beyond the mean field approximation ? Very
complicated for various reasons (symmetries, momenta
dependence...)
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Thank you for yourattention
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